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• ABSTRACT 

In the low-energy limit, string theory has two remarkable symmetries, 0{d,d + p) 
OO ' and S'i(2,]R). We illustrate the use of these transformations as techniques to 

generate new solutions by applying them to the Taub~NUT metric. 
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[ Since it is hoped that string theory can provide a consistent theory of quantum gravity, 

' there has been a great deal of interest in studying non-trivial gravitational solutions of 

. the effective string equations of motion. These equations arise from a low-energy effective 
field-theory action, which reproduces the interactions of the massless particles appearing in 

' the string theory. We write the four-dimensional effective action for the heterotic string as 

■ ^ f A I — -<I> / x^/^N . ,^^ .2 ^ tt2 1 172 



I = I d^'x V-Ge-* ( R{G) + {V<^>y - —H' - -F^ ] . (1) 



Q^l The fields considered here are the metric Gfj_y^ the dilaton the axion B^^y = —B, 

^ ■ (which appears in the three- form H), and an Abelian gauge field A^. The full heterotic 

string theory would include many other massless fields {e.g., more gauge fields, fermions, 
moduli fields, etcetera), which may consistently be set to zero. Eq. (|) also omits an 
^ ■ infinite series of higher-derivative interactions, whose contributions will be negligible for 

^ . fields varying slowly on the Planck scale. The axion field strength has components H^^p = 

dpByp + duBpp + dpBpy - Lo{A)pyp, where io{A)pyp = \{ApFyp + A^Fpp + ApFpy) is the 
Chern-Simons three- form for the gauge field. The gauge field strength is Ffj_y = dpAi^—diyAp. 

One set of low-energy solutions can be found by setting $ = 0, = and Ap = 0, in 
which case the equations of motion reduce to Rpi, = 0. Thus any metric which is a solution 
of the vacuum Einstein equations provides a solution of the effective string theory. One 
such example is the Taub-NUT solution 

ds^ = -fi{dt + 21 cos ed(pf + f^^dr^ + (r^ + f){de'^ + sin^ Od^'^) (2) 

where 

Mr + f 
/i = l-272^- 



^Talk presented by RCM at the Seventh Marcel Grossmann Meeting on General Relativity, Stanford 
University, July 24th— 30th, 1994. 



One may wish to generalize this solution by introducing non-trivial electromagnetic fields. 
A charged Taub~NUT solution of the Einstein-Maxwell equations is known j^, but it will 
not provide a solution of the string equations because of the non-trivial dilaton and axion 
couplings to the gauge field in the effective action @). These couplings, though, lead to 
some remarkable symmetries in the low-energy theory, which allowed us to produce a new 
dyonic Taub-NUT solution. § 

The first of these symmetries applies to background fields with Killing symmetries. 
Given a class of solutions with d commuting Killing symmetries and p Abelian gauge fields, 
there exists an 0{d, d-\-p) symmetry of the actionj^] . Many of these transformations actually 
produce pure gauge and coordinate transformations, but the remaining transformations gen- 
erate new solutions. Using the time-translation symmetry of Eq. @, we applied an 0(1,2) 
boost to produce a new solution with both electric and magnetic fields. This transformation 
introduces a single new parameter, and so the resulting electric and magnetic charges were 
not independent. 

A generalized dyon with independent charges can be constructed using the second 
symmetry^, S'L(2,IR). These transformations are a string version of the conventional 
electromagnetic duality rotations, which trade electric and magnetic fields. The S'L(2,IR) 
transformations also act non-trivially on the axion and dilaton fields. 

After all of the transformations, the final metric is: 



,2 /2 + /s 

1 + r 

where d^ = dt + {x + 1)1 cos 9 



-^de + ^ + {r' + l'){de'+sm^' 



(3) 



Mr + P r — M 

/2 = 1 + (x - 1) and fs = {x-l)l -y 

J.Z _|_ -)- 



The additional non- vanishing fields are: 

At = 2zU e 



/22 + /32 

= 2z cosO {M -ly + l{x + I) fi) 

^"^ """'^ {{l + 2My-ly^){r-M)^ 



y2 + 1 (^2 + ^2) j2 

+ {lx - 2My + + (x + l)yr){M'^ + l^)) (4) 



where U = [/(r - M) + y{Mr + f)]/[ir^ + l^) M and = (x^ - l)/{y^ + 1). 

The mass and NUT parameters, M and /, of the original solution are supplemented by 
two new independent parameters: x arises in the 0(1, 2) boost with > 1, and y arises from 
SL{2, IR) and may take any real value. By examining geodesies in the asymptotic region, we 
determine the mass of the new solution (|3|) to be /x = ^y^M. Similarly, it is straightforward 
to calculate the electric and magnetic charges: Qe = 2z{l + yM), Qm = —2z{M — yl). 
An interesting property of the Taub-NUT solution is that the time coordinate must 
be identified with period Svr |Z| to avoid conical singularities at ^ = and vr. Surfaces of 
constant radius then have the topology of a three-sphere, in which there is a Hopf fibration 



of the of time over the spatial S^. The new dyonic solutions retain this property (for 
X 7^ — l)j but the time period is now 47r|/(a; + 1)|. While the original solution contains no 
curvature singularities, the dyonic solutions have singularities when < ^^^^^ at the 
radii where /2 = 0. 

A special case of these solutions is the extremal limit, which is produced by taking 
M, I and x oo, while keeping m = xM and X = xl fixed. A metric describing the 
throat region is produced by simultaneously scaling the radial coordinate.^] One can then 
show that the solution with y = corresponds to the string-theory background described 
by an exact conformal field theory. 

The most remarkable feature of these string constructions is that extremely complex 
solutions, such as in Eqs. (^) and (^), are produced by algebraic calculations. These dyonic 
Taub~NUT solutions were also constructed independently in Refs. [7,8] A generalization of 
these solutions including angular momentum was also found in Ref. [9]. 
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